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Abstract
A formula that calculates the number of n× m matrices in A(R;S) was presented by Wang
(Sci. sinica Ser. A 1 (1988) 1). This formula has 2n − 2n variables. Later, in 1998, a reduced
formula was proposed by Wang and Zhang, in which the number of involved variables was
reduced to only 2n−1−n. The reduction in the number of variables is important, but it continues
being of order 2n. In this paper a new reduced formula is presented. This formula contains only
(n− 2)(n− 1)=2 variables, that is, of order n2.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
A(R;S), the class of matrices n×m of zeros and ones with row and column sum
vectors R=(r1; r2; : : : ; rm) and S=(s1; s2; : : : ; sn), plays an important role in many com-
binatorial problems. The precise number of matrices in A(R;S) can be calculated using
the formula given by Wang [1]. This formula considers the numbers pi = ‖{rj | rj = i}‖,
for i=1; 2; : : : ; n and qj = sj − pn for j=1; 2; 3; : : : ; n− 1:
‖A(R;S)‖=
∑
tijk¿0
n−1∏
i; j=1
2j−1∏
k=0
(
nijk
mijk
)
; (1)
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where nijk and mijk are functions of pi, qj and tijk according to the following recurrence
formulas:
• ni11 =pi, for i=1; 2; 3; : : : ; n− 1:
• mijk =


tijk if i + j − n6I(k)¡i; (k =1 if i=1);
0 if I(k)¿i;
nijk if I(k)¡i + j − n:
• nijk =
{
ni(j−1)(k+1)=2 − mi(j−1)(k+1)=2 if k is an odd number;
mi( j−1)k=2 if k is an even number:
• m1j1 = qj −
∑n−1
i=2
∑2j−1
k=1 mijk ;
for i=2; 3; : : : ; n−1; j=1; 2; : : : ; n−1 and k =1; 2; : : : ; 2j−1. The function I(k) denotes
the total number of 1’s in binary representation of nonnegative integer k − 1.
This formula was simpliGed by Wang and Zhang [2], who reduced the number of
variables tijk by half to 2n−1 − n, still of order 2n.
Now, we will introduce a new simpliGcation of Wang’s formula. The number of
variables in this formula decreased signiGcantly to (n− 1)(n− 2)=2 of order n2.
2. A reduced formula to calculate ‖A(R; S)‖
2.1. The formula
Consider the numbers Qj deGned as Qj = sj −
∑j−1
i=0 pn−i for j=1; 2; 3; : : : ; n− 1.
Theorem. Let A(R;S) be the class of n×m (0; 1)-matrices whose row and column
sum vectors are R and S. Then, the precise number of matrices in A(R;S) is
‖A(R;S)‖=
∑
Tij¿0
n−1∏
j=1
n−j∏
i=1
(
Nij
Mij
)
; (2)
where Nij and Mij are functions of pi, Qj and Tij according to the recurrence formulas:
1. Mij =Tij for j=1; 2; : : : ; n− 2 and i=2; 3; : : : ; n− j,
2. M11 =Q1 −
∑n−1
k=2 Mk;1,
3. M1j =Qj +
∑j−1
k=1 Mn−j+1; k −
∑n−j
k=2 Mk; j for j := 2; 3; : : : ; n− 1,
4. Ni;1 =pi for i=1; 2; : : : ; n− 1
5. and Ni; j =Ni; j−1 −Mi; j−1 +Mi+1; j−1
for j=2; 3; : : : ; n− 1 and i=1; 2; : : : ; n− j.
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The range of Tij is given by the recurrence inequalities
06Tij6Nij and
Qj +
j−1∑
k=1
Tn−j+1; k − N1; j6
n−j∑
k=2
Tk; j6Qj +
j−1∑
k=1
Tn−j+1; k :
There are two principal characteristics in this formula: (1) the involved variables
present only two indexes, and (2) its deGnition does not depend on the function I(k).
The number of variables Tij for j=1; 2; 3; : : : ; n−2; and i=2; 3; 4; : : : ; n−j in formula
(2) equals the number
1 + 2 + 3 + · · ·+ (n− 2)= (n− 2)(n− 1)=2
of order n2. For example, when n=5, matrix M in the Wang’s formula has
25 − 2(5)= 22 variables tijk , as you can see in the next table
j=1 j=2 j=3
k 1 1 2 1 2 3 4
I(k) 0 0 1 0 1 1 2
First 7 m111 m121 0 m131 0 0 0
columns t211 t221 t222 t231 t232 t233 0
of the t311 t321 t322 n331 t332 t333 t334
matrix M t411 n421 t422 n431 n432 n433 t434
j=4
k 1 2 3 4 5 6 7 8
I(k) 0 1 1 2 1 2 2 3
Last 8 m141 0 0 0 0 0 0 0
columns n241 t242 t243 0 t245 0 0 0
of the n341 n342 n343 t344 n345 t346 t347 0
matrix M n441 n442 n443 n444 n445 n446 n447 t448
and the matrix M in the new formula has 6 variables Tij, see next table
M =


M11 M12 M13 M14
T21 T22 T23 0
T31 T32 0 0
T41 0 0 0

 :
In this case, the Wang’s formula has 22 nested sums, and the new formula has 6
nested sums.
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2.2. Some important lemmas
Before proving the theorem, some lemmas about the function I(k) and the numbers
nijk and mijk are going to be revised.
When 2r¡k62r+1, r=0; 1; 2; : : : , we have
k − 1= a0 + a12 + a222 + · · ·+ ar2r ;
with ai =0; 1 for i=1; 2; 3; : : : ; r−1 and ar =1; then I(k)=
∑r
i=0 ai, therefore 0¡I(k)
6r + 1, so I(k)= 0 only when k =1.
Lemma 1. Let k be an odd number, then I((k + 1)=2)= I(k).
Lemma 2. Let k be an even number, then I(k=2)= I(k)− 1.
In particular, I(k=2m)= I(k)− m and when k =2m then I(k)=m.
Lemma 3. Let i¿I(k) + n− j + 2, then nijk =0.
Proof. Two cases will be considered
1. By deGnition
nijk = ni( j−1)(k+1)=2 − mi( j−1)(k+1)=2 if k is an odd number
and
mi( j−1)(k+1)=2 = ni( j−1)(k+1)=2 if I((k + 1)=2)¡i + (j − 1)− n:
On the other hand, by Lemma 1,
I((k + 1)=2)¡i + (j − 1)− n is equivalent to I(k) + n− j + 26i;
therefore nijk =0 if k is an odd number and i¿I(k) + n− j + 2.
2. When k is an even number, there exists an integer number m¿0 such that k=2m
is an odd number, then, for all integer u such that 06u6m − 1, k=2u is an even
number, and by deGnition
ni( j−u)k=2u =mi( j−u−1)k=2u+1 if
k
2u
is an even number
and
mi( j−u−1)k=2u+1 = ni( j−u−1)k=2u+1 if I(k=2
u+1)¡i + (j − u− 1)− n
is an even number:
On the other hand, by Lemma 2,
I(k=2u+1)¡i + (j − u− 1)− n is equivalent to i¿I(k) + n− j + 1:
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This last expression is independent of u. Then, by transitivity
nijk = ni( j−m)k=2m if I(k)¡i + j − n:
But k=2m is an odd number, and by the Grst case of this lemma
nijk =0 if i¿I(k=2m) + n− (j − m) + 2;
but
i¿I(k=2m) + n− (j − m) + 2 is equivalent to i¿I(k) + n− j + 2:
Lemma 4. Let mijk be de9ned as before, then
mijk =


tijk if max{2; I(k) + 1}6i6I(k) + n− j;
nijk if i= min{I(k) + n− j + 1; n− 1};
0 otherwise:
Proof. Three cases will be revised
1. By deGnition mijk = tijk if i + j − n6I(k)¡i (k =1 if i=1), and
i + j − n6I(k)¡i is equivalent to I(k) + 16i6I(k) + n− j:
In this last inequality, i=1 only when k =1, but this is impossible, therefore, the
deGnition is equivalent to
mijk = tijk if max{2; I(k) + 1}6i6I(k) + n− j:
2. By deGnition mijk = nijk if I(k)¡i + j − n, and by Lemma 3,
nijk =0 if i¿I(k) + n− j + 2;
therefore, mijk =0 if i¿I(k)+n− j+2 and mijk = nijk if i= I(k)+n− j+16n−1.
3. mijk =0 if I(k)¿i.
Next lemma indicates us the binomial terms that are necessary to calculate to get
formula (1).
Lemma 5. Let mijk and nijk be de9ned as before, then(
nijk
mijk
)
¿ 1 if I(k) + 16i6I(k) + n− j;
= 1 otherwise:
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Proof. Observe that ( nijkmijk )¿1 only if 0¡mijk¡nijk . But 0¡mijk¡nijk can be satisGed
in two cases:
(1) when i= k =1 because m1j1 = qj −
∑n−1
i=2
∑2j−1
k=1 mijk , and
(2) when max{2; I(k) + 1}6i6I(k) + n− j because mijk = tijk .
As k can be 1 when i=1, it follows that
0¡mijk¡nijk if I(k) + 16i6I(k) + n− j:
In any other case mijk =0 or mijk = nijk .
De!nition 6. For mijk , nijk and tijk we have,
• T1j =
∑2j−1
k=2 tI(k)+1; j; k for j=2; 3; : : : ; n− 1.
• Tij =
∑2j−1
k=1 tI(k)+i; j; k , for i=2; 3; : : : ; n− j and j=1; 2; : : : ; n− 1.
• Mij =
∑2j−1
k=1 mI(k)+i; j; k , for i=1; 2; 3; : : : ; n− j and j=1; 2; : : : ; n− 1.
• Ni1 =pi for i=1; 2; : : : ; n− 1.
• Nij =
∑2j−1
k=1 nI(k)+i; j; k , for i=1; 2; 3; : : : ; n− j and j=1; 2; : : : ; n− 1.
• Nn−j+1; j =
∑2j−1−1
k=1 nI(k)+n−j+1; j; k , for j=2; 3; : : : ; n− 1
• Mn−j+1; j =
∑2j−1−1
k=1 mI(k)+n−j+1; j; k , for j=2; 3; : : : ; n− 1
From this deGnition it follows that:
• M11 =m111.
• M1j =m1j1 + T1j for j=2; 3; : : : ; n− 1,
• Mij =Tij for j=1; 2; 3; : : : ; n− 1 and i=2; 3; : : : ; n− j.
• Mn−j+1; j =Nn−j+1; j for j=2; 3; : : : ; n− 1.
Lemma 7. Let m1j1 be de9ned as before. Then
1. m111 = q1 −
∑n−1
i=2 Ti1 and
2. m1j1 = qj −
∑n−j
i=1 Tij − Nn−j+1; j ; for j=1; 2; : : : ; n− 1.
Proof. By deGnition
m1j1 = qj −
n−1∑
i=2
2j−1∑
k=1
mijk ; for j=1; 2; : : : ; n− 1;
(1) When j=1, by Lemma 4 mi11 = ti11 if 26i6n− 1, then
m111 = q1 −
n−1∑
i=2
21−1∑
k=1
mi1k = q1 −
n−1∑
i=2
21−1∑
k=1
ti1k = q1 −
n−1∑
i=2
Ti1:
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(2) And when j=2; 3; : : : ; n − 1, we consider in this sum only the element mijk that
can be nonzero, then by Lemma 4
m1j1 = qj −
n−1∑
i=2
2j−1∑
k=1
mijk = qj −
I(k)+n−j∑
i=max{2; I(k)+1}
tijk −
2j−1−1∑
i=1
n(I(k)+n−j+1)jk
= qj −
2j−1∑
k=2
tI(k)+1; j; k −
n−j∑
i=2
2j−1∑
k=1
tI(k)+i; j; k −
2j−1−1∑
k=1
nI(k)+n−j+1; j; k
= qj −
n−j∑
i=1
Tij − Nn−j+1; j :
Lemma 8. Let Nij, Mij be de9ned as before, then
1. Nij =Ni; j−1 −Mi; j−1 +Mi+1; j−1,
for i=1; 2; : : : ; n− j and j=2; 3; : : : ; n− 1.
2. Nn−j+1; j =Nn−j+1; j−1 −Mn−j+1; j−1 + Nn−j+2; j−1 for j=3; 4; : : : ; n− 1.
Proof. When j=2; 3; : : : ; n− 1 and i=1; 2; 3; : : : ; n− j
Nij =
2j−1∑
k=1
nI(k)+i; j; k =
2j−2∑
t=1
nI(2t)+i; j;2t︸ ︷︷ ︸
k even
+
2j−2∑
t=1
nI(2t−1)+i; j;2t−1︸ ︷︷ ︸
k odd
;
by deGnition
=
2j−2∑
t=1
mI(t)+i+1; j−1; t︸ ︷︷ ︸
k even
+
2j−2∑
t=1
nI(t)+i; j−1; t −
2j−2∑
t=1
mI(t)+i; j−1; t︸ ︷︷ ︸
k odd
= Mi+1; j−1 + Ni; j−1 −Mi; j−1:
Finally, since Mn−j+2; j−1 =Nn−j+2; j−1, it follows that
Nn−j+1; j =Nn−j+1; j−1 −Mn−j+1; j−1 + Nn−j+2; j−1:
Lemma 9. For j=2; 3; : : : ; n− 1, we have
Nij =pi +
j−1∑
k=1
Mi+1; k −
j−1∑
k=1
Mi; k ; i=1; 2; : : : ; n− j
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and
Nn−j+1; j =
j−1∑
k=1
pn−k −
j−1∑
k=1
Mn−j+1; k :
Proof. By Lemma 8
Ni2 =Mi+1;1 + Ni1 −Mi1 =pi +Mi+1;1 −Mi1; i=1; 2; : : : ; n− 2;
Nn−1;2 =Nn−1;1 −Mn−1;1 =pn−1 −Mn−1;1;
then, the formulas are satisGed for j=2.
Suppose, that the formulas are satisGed for 26j¡n−1. Then for j+1, by Lemma 8
it follows:
Ni; j+1 =Mi+1; j + Ni; j −Mij
=pi +
j∑
t=1
Mi+1; t −
j∑
t=1
Mit; i=1; 2; : : : ; n− (j + 1)
and
Nn−j; j+1 =Nn−j+1; j + Nn−j; j −Mn−j; j
=
j−1∑
t=1
pn−t −
j−1∑
t=1
Mn−j+1; t + pn−j
+
j−1∑
t=1
Mn−j+1; t −
j−1∑
t=1
Mn−j; t −Mn−j; j
=
j∑
t=1
pn−t −
j∑
t=1
Mn−j; t :
Therefore, the formulas are satisGed for j=2; 3; : : : ; n− 1.
Lemma 10. For Qj = sj −
∑j−1
k=0 pn−k , we have
M11 =Q1 −
n−1∑
k=2
Mk;1
and
M1j =Qj −
n−j∑
k=2
Mkj +
j−1∑
k=1
Mn−j+1; k for j=2; 3; : : : ; n− 1:
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Proof. When j=1, by DeGnition 6 and Lemma 7
M11 =m111 =Q1 −
n−1∑
i=2
Ti1:
And when j=2; 3; : : : ; n− j; by DeGnition 6 and Lemmas 7, 8 and 9,
M1j =m1j1 + T1j = qj −
n−j∑
i=1
Tij − Nn−j+1; j + T1j;
therefore
M1j = sj − pn −
n−j∑
i=2
Tij −
j−1∑
i=1
pn−i +
j−1∑
i=1
Tn−j+1; i
=Qj −
n−j∑
k=2
Mkj +
j−1∑
k=1
Mn−j+1; k :
It is important to notice that Mij and Nij do not depend on T1j.
Lemma 11. For ti¿0, i=1; 2; : : : ; n we have
q∑
t=0
(
v1
ti
)(
v2
q− ti
)
=
(
v1 + v2
q
)
and
∑
ti¿0
(
v1
t1
)(
v2
t2
)
· · ·
(
vn
q− t1 − t2 − · · · − tn−1
)
=


∑
i
vi
q

 :
2.3. Proof of the theorem
To simplify the notation in the calculation of ‖A(R;S)‖, we will write uijk , vijk and
tijk instead of mI(k)+i; jk , nI(k)+i; jk and tI(k)+i; jk , respectively, for j=1; 2; 3; : : : ; n − 1;
i=1; 2; 3; : : : ; n − j and k =1; 2; 3; : : : ; 2j−1. In this way, the term I(k) is eliminated
and u1j1 =M1j − T1j.
‖A(R;S)‖
=
∑
tI(k)+i; jk¿0
n−1∏
j=1
n−j∏
i=1
2j−1∏
k
(
nI(k)+ijk
mI(k)+i; jk
)
=
∑
tijk¿0
n−1∏
j=1
n−j∏
i=1
2j−1∏
k
(
vijk
uijk
)
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=
∑
ti11¿0
n−1∏
i=1
(
vi11
ui11
)∑
ti2k¿0
n−2∏
i=1
2∏
k=1
(
vi2k
ui2k
)
· · ·
∑
ti; n−1; k¿0
1∏
i=1
2n−2∏
k=1
(
vi; n−1; k
ui; n−1; k
)
︸ ︷︷ ︸
Sn−1︸ ︷︷ ︸
S2︸ ︷︷ ︸
S1
:
The diKerent sums will be simpliGed, from the more internal to the more external,
according to the recurrence formula
Sj =
∑
tijk¿0
Sj+1
n−j∏
i=1
2j−1∏
k=1
(
vi; j; k
ui; j; k
)
with Sn=1. Also, consider the sets Eij = {tijk¿0 |
∑
k tijk =Tij}.
The Grst sum is
Sn−1 =
∑
t1; n−1; k¿0
2n−2∏
k=1
(
v1; n−1; k
u1; n−1; k
)
=
∑
T1; n−1¿0
(
v1; n−1;1
u1; n−1;1
) ∑
E1; n−1
2n−2∏
k=2
(
v1; n−1; k
u1; n−1; k
)
:
Using Lemma 11 twice, it follows that:
Sn−1 =
∑
T1; n−1¿0
(
v1; n−1;1
M1; n−1 − T1; n−1
)(
N1; n−1 − v1; n−1;1
T1; n−1
)
=
(
N1; n−1
M1; n−1
)
:
As Nij and Mij do not depend on T1j, neither does Sn−1.
The second sum is, when j= n− 2 and i=1; 2,
Sn−2 =
∑
ti; n−2; k¿0
Sn−1
2∏
i=1
2n−3∏
k=1
(
vi; n−2; k
ui; n−2; k
)
=
∑
t2; n−2; k¿0
Sn−1
2n−3∏
k=1
(
v2; n−2; k
u2; n−2; k
) ∑
t1; n−2; k¿0
2n−3∏
k=1
(
v1; n−2; k
u1; n−2; k
)
=
∑
T2; n−2¿0
Sn−1
∑
E2; n−2
2n−3∏
k=1
(
v2; n−2; k
u2; n−2; k
)
∑
T1; n−2¿0
(
v1; n−2;1
u1; n−2;1
)∑
E1; n−2
2n−3∏
k=2
(
v1; n−2; k
u1; n−2; k
)
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=
∑
T2; n−2¿0
Sn−1
(
N2; n−2
M2; n−2
) ∑
T1; n−2¿0
(
v1; n−2;1
M1; n−2 − T1; n−2
)(
N1; n−2 − v1; n−2;1
T1; n−2
)
=
∑
T2; n−2¿0
(
N1; n−1
M1; n−1
)(
N2; n−2
M2; n−2
)(
N1; n−2
M1; n−2
)
=
∑
T2; n−2¿0
n−1∏
k=n−2
n−k∏
i=1
(
Ni; k
Mi; k
)
:
Sn−2 also does not depends on T1j. Now suppose that for j¿1,
Sj+1 =
∑
Ti; k¿0
n−1∏
k=j+1
n−k∏
i=1
(
Ni; k
Mi; k
)
:
Then
Sj =
∑
ti; j; k¿0
Sj+1
n−j∏
i=1
2j−1∏
k=1
(
vijk
uijk
)
=
∑
ti; j; k¿0
Sj+1
n−j∏
i=2
2j−1∏
k=1
(
vijk
uijk
) ∑
t1; j; k¿0
2j−1∏
k=1
(
v1jk
u1jk
)
=
∑
Tij¿0
Sj+1
n−j∏
i=2
∑
Eij
2j−1∏
k=1
(
vijk
uijk
) ∑
T1j¿0
(
v1j1
u1j1
)∑
E1j
2j−1∏
k=2
(
v1jk
u1jk
)
=
∑
Tij¿0
Sj+1
n−j∏
i=2
(
Nij
Mij
) ∑
T1; n−2¿0
(
v1j1
M1j − T1j
)(
N1j − v1j1
T1j
)
=
∑
Tij¿0
∑
Ti; k¿0
n−1∏
k=j+1
n−k∏
i=1
(
Ni; k
Mi; k
)
︸ ︷︷ ︸
Sj+1
n−j∏
i=1
(
Nij
Mij
)
=
∑
Tik¿0
n−1∏
k=j
n−k∏
i=1
(
Nik
Mik
)
:
Again we note that Sj does not depend on T1j.
Taking j=1, we have
‖A(R;S)‖= S1 =
∑
Tij¿0
n−1∏
j=1
n−j∏
i=1
(
Nij
Mij
)
;
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where Nij and Mij satisfy the recurrence relationships derived from DeGnition 6 and
Lemmas 8 and 10. From the inequality 06Mij6Nij, it then follows that 06Tij6Nij
and Qj +
∑j−1
k=1 Tn−j+1; k − N1; j6
∑n−j
k=2 Tk; j6Qj +
∑j−1
k=1 Tn−j+1; k . This completes the
proof of the theorem.
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